
#II. Applications of Convex Surfaces

A. Bennequin type inequalities

we first prove an inequality for closed surfaces

Th M 1 :

(M, 3) a right contactmanifold
# a surface in M

if 213) is the Euler class of 3
,
then

EKei, [233)
.

= -
X(2) if Itse

recall if i is a vector field in 3 that is transverse to the

zero section then :"(zero section) is a 1-manifold UCM

213) is Poincare dual to the homology class [2]

so eli) -H 2 (M) and thus can be evaluated on

elements of H2(M) like [I]

the value (217), (2)) is just the signed count
-

of zeros of 2 on I (e.

31
+
is 4-dimensional

the zeo section and image of i are both

2-dimensional so take signed count of

intersections)

cise : The above inequality implies only a finite number

of cohomology classes can be realized as the



Euler class of a tight contact structure
Hint : homology classes can be represented by

closed surfaces

Proof : givenEFS2 make it convex

1) ↑ is a union of S' (and X(s) = 0)

2) no component of U bounds a disk by the Groux

critation (Th *#I
.

10)

1 = X(2) = X(21) +X(z)

exercise : (2(3) ,
[I]) = X(11) - Y/I-

Hint : Consider a rector field directing Is
It is a section of TE and of 3

so (e(3) , [I] ) - X /2) =
- 2X/I-

20 Snece 4 (each component of 2)=0

:
- (2(3)

,
[t]) = - X(z)

similarly
- <ec)

,
[2]) - X(z) = -24/E+) = 0

so Le14)
,
[2]) < -X /2)

:. (e(
,
[23/ = -X(z)

If I= 52 the Giroux criterion says ↑ connected

and so S22 = DIUD=

: (213) , [I]) = 0
#



Th M2 (Bennequin inequality] :

(M
,
3) a tight contactmanifold

(1) If Ta null-homologous transverse knot
then

se(T) = -X(z)

for
my
[ with 22 = T

(2) If I a null-homologous Legendrian knot

then
+b(L) + (r()) = -X(z)

for any I withI2=

Proof :

let I be a Lagrangian knot and
I be a Seifert surface for L

we first provetb() + r() = -X(z)

to this end we positively stabilize (untill -(L) < O

note this does not change +b (L) +rk) so if

we can prove inequality for stabilized((stilldenoted

byL) then we are done

since tw
,
(, 2 ) = Ab (c) < 0 we can make I convex

Th *E
.

5
Claim : Tb(L) + X (2+ + X/2) = X /)

proof : OI has -BK) arcs (since +bl = -G(N-nL)
und each arc has

-

call the arcs Na
2 end points by
Th* .9)

let Pc = Nz - Na



X(π+ ) +x(t) = X(z - Tz)
=> x(E Na) Us)) since (M) = 0

=4/ENa, 2) each archA et

Claim : +b(L) 1 -X(I+ )

proof : since? right no component of Ne bounds

a disk

so there are atmost-tbK) disk components

in Erz
eg - commingo arcs

T from
-

i
.
at most-tbl) disks in E+

Ini
=

so X(It) = #disks - Xlother components)
-

= O

#disks 1- tblL

now

Tb(L) + r() = +b() +r() - 2+b()) - 2X(2+
)

=

- Tb(L) + r() - 2X(2+)

= - +b() +X(2+ ) -X(z) - 2X(π+
)

A
Th*. 9

=
- +b() -X(t) - X(2+

)

= - X(z)

exercise : give similar proof that +b()-w() -X(E)

now if Ta transverse knot and I a surface

with 2T = T



then we claim there is a Legendrian L with

TK) negative such that the transvase
push-off of Lis T ze. L+= T

from Section II we know

se(T) = tb(l) - r()

: SIT) = -X(I) from above

now for the claim

by The#.

3
,

T has a neighborhood N

contactomorphic to N2 = 4 (. 0:9) /r = <3 in

(IR2x S' , 3 = Ker (dotr2do) .

note Tc = 4 (2, 0.4)/ v = >3 has linear characteristic

foliation of shope - T
choose UeIN st. <E then T

, CNEN
n

has foliation of slope-n
let In be a leaf of (Tc)

i
note Ln is smoothly isotopic to T

exercise : tb(<n) = - n

In and T cobound an annulus 3 With Ty



-

-

---

-

- Lu
--j I-

-

-
>

so (Ln)+ =T

this finishes the proof #

exercise : With notation above(n+= S
_
(Ln)

B. Simple classification results

all our classification results will rely on

Th /Eliashberg) :

anytwofightcontactstructuresonB thata
are isotopic through contact structures

we will notprove this theorem but use it in

our other classification results

Eliashberg proved this by studying families of
foliations on 3

Girou gave a proof using conver surfaces

Th3 :

up to isotopy, there is a unique tight contact structure on 53



Proof :
we know from Bennequin /or Eliashberg-Gromov) that Sadimits

a right contact structure

now suppose ?, 3' are two thight contact structures on 5

fix a posit ptS3 There is an isotopy + of 33 such that

4+ (p)
=

p for all + and

d(4)p(3)) = 3

so d(4) (3) is an isotopy of 3 so that 3 = 3 at p

the proof of Darboux's theorem.
Th1.

2
, says we can now

find an isotopy of I' so that 3:4 an anbhel U ofp

now let be a sphere in U that bounds p
note S = B U B3

in out
where Bi CU

"we have 3:3' on U so S
,

=3

Eliashberg's result above says (and " are isotopic

on Bout

after this isotopy 3 : I' on all of 33 #

THE 4 :

up to isotopy there is a unique fight contact
structure on 5'xs

Proof :

(0-40(1-h) is a Stein manifold by Eliashberg-Compf th *

in Section

(0-4)u(-4) = S' xD3

SOG(S' +D3) is S' <5 with a tight contact structure.



now suppose 33 ,
are two tight contact structures on S'xs

let Si = Sp+3 xS" in S'x St

wecan isotopsisoit isconversi
(The tae

simple closed curve

by Giroux flexibility (Th* *. 6) we can assume

is otop 3, so that (5,ls
,

is the same as

(o) a (i.e,
there is some identification of 3, with So

so this is true)

now we can isotop S
,
to So so that (Sily

,

is

taken to (30) (and extend to an ambient isotopy

push 3
,
for ward by this isotopy and we

see that
,
after isotoping?, we can assome So : 4,

and (50) = (Sily
.

by Th *11 .5 we may further (sotop 3
, so that

30 and 3
, agree on a neighborhood N

= IXS of So

/⑭s



now let Li be a Legendrio knot isotopic
toS'xpt)

we can assume Lo=L ,
in N

after stabilizing Loor 4, we can assume their contact

framings are the same

thus there is an isotopy L ,
toLo and extend this to

an ambient isotopy ofS'xs

pushing? forward by this isotopy we can

assume Lo = L,

a further isotopy of 3
,
will
arrange 3 : 3

, along Lo
now the proof of The11. 4 says we can isotopi,

so that 3 =3
,
in a neighborhood N' of Lo

(moreover this isotopy is fixed on 1)

⑳mon
So 3 = ?

,
on NUN



note : S'xS-(NUN)

-(s'x 52) - (Ixs2) - S'xD2

= (s '
x (s -DY) - (I x (s=DY))
-- different DE= (s' < D2) - (IxD2)

= XDY where
-s

= B I

letI be a sphere in Now that bounds

a ball B' in S'xs

we know 3:3
,

nears : S = Sh
3

,

now Eliasberg's classification on B3

says we can further isotop 3, to % on B

: So ? m all of 5'xs!

Th15 :

le+ 7 be a singular foliation on 6(5'XD4) that is divided

by two parallel curves of slope n

(that is each curve is homologous to (5'x <p3]+ 1 [393x2D2])

Then upto isotopy there is a unique tight contact structure
on S'xD" inducing Fm 2(SXD4

Proof : we first show that there is sure such tight contact



structuree.

to thisend consider the I
(x, y,z) ~ (X+1 yz) with 3 =Ka (de-yax)

its universal cover is I with standard contact structure

so is light by Bennequin
S = [HM1E) : x2+ y 1 E3 is a solid forus

~= zEIYEy is a contact rector field Its

it induces the dividing curves N = (E = = 3) on 2S

by Giroux realization we con assume 7 is (S)
,
f n =

for n to 3 a diffeomorphism of 3 sending U to

curves of slope n

so % at least one tight structure as in the theorem.

now assume ?
.

7 are two fight contact structures on S'XDL

inducing F m 6 (5< D 4)

The I
.
5 says we can isotop 3 to agree with

3 in

a nbhd N of 2 (5'xDY

we can find atorus T in N parallel to G(5'+D2)

that is conver with the same dividing set as ((s'<D)

now Isotop T so that T is in standard form with

ruling slope o (in both 3 = 3'mN)

let D = D' be a disk in S'<D with &D = LD' = ruling curve

on T (and interior in solid forus S that T bounds)

note the disks Iiteself U+ twice



so lemma #I . Il says the dividing set on D =D

in 3 and 3 near GD is

O
now the Giroux criterion says

↑
,
has no closed curves

thus Upland Up) is isotopic to

O
using Giroux flexibility we can isotop D' so that

D' , is the same as D
,
(under natural

identification of D with D) and isotopy fixed

nearGD/since 3 = 3'meaLD)

thus there is a smooth Isotopy of D' to D taking
Dis to Dy
extend to an ambient isotopy andpush
3'forward by it

thus we can assume 3 : I'm N and

DID' and 3
,

2 induce the same

foliation on D

again the proof of Th*1.

5 says we can further



is otop 3' to agree with 3 in a ubhd Nof D

note (5'XDY -(NUN) is a 3-ball

let 5 be a sphere in NUN' bounding a

3-ball B st. NUN' vB is S'XD2

since 3 = s Eliashberg's classification

of tight structures on B3 says we

can isotop "to agreewith 9 m B3

thus I can be isotoped to agree with 3 on

all of 5'x D2! #

evencise :

Show that if 3 is a fight contact structure on

S'xD with convex boundary having I dividing
curves of slope ne then in for any rationalsin

there is a torus TC S'xD that is isotopic to

2(5'< D4 and conver with I dividing curves
of slope S

moreover,
if san then we could find such a T

with linea folution of slopes

Hint : use The above and consider the model

(S' x 12
,
her (d4+ r2do))

and recall how to perturb a linearly foliatedtorus to



a convey torus

C
. Isotopy classes of contact structures

we denote the set of isotopy classes of tight contact structures

on a closedmanifold M by

Tight(n)

so theorems above can be restated as

(Tight (s3)) = (Tight (s' +S4) = 1

now if M has boundary the if we fix a singular foliation F
on &M then we denote the setof isotopy classes

of right contact structures on M inducing ForM by

Tight (M:F)

If I is. a collection of curves on GM and F is any singular
foliation on CM divided by ↑ the we denote the setof

isotopy classes of right contact structures on M inducing of
or M by

Tight (M; N)

Lemma 6 :

If 7
, 7, are two singular foliation that are bothdivided by M

then there is a one-to-one Correspondence between Tight (M,-,
)

and Tight (M; Fr)

exercise : Prove this using Giroux realization



thus Tight (MIN) is well-defined without specifying F
the theorems above say

/Tight(B; N) / = /

for ↑ a connected carve

and

I Tight /S'<D2; N)) = /

for ↑ a two curves of slopea

finally if IM is a torus and s is a slope on2M

then

Tight(M ; 3)

denotes Tight (MiP) where ↑ consists of two curves of

slopes

so (Tight(S'xD, n) / = /

if GM = T
, ... Th

,
let S S be shopes on a forus

Tight (M; 3
, .., Sn) denotes Tight/M;2)

where on Ti consists of two curves of slope si


